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Abstract -The growth ofa spherical gas bubble on a horizontal plane has been studied both experimentally 
and theoretically. Experiments with a miniature electrode have been carried out in a uniformly (super)- 
saturated solution of oxygen in water, with and without electrolysis. All experiments have been done at a 
temperature of 291 K and at (sub)atmospheric pressure(s). An analytical expression has been derived for 
bubble growth in a uniformly supersaturated (or superheated) liquid, which holds for all Jakob numbers. For 
the more complicated case of simultaneous electrolysis a power series expansion has been found suitable. The 
experimental results were reproducible and in all cases the agreement with theoretical models was excellent. 

NOMENCLATURE 

surface area of the bubble [m’] ; 
= JaD [rn’~-~] ; 
coefficient of the nth term in the power series 
of equation (12) ; 

R/t ‘J”, independent of t [m s- I!‘] ; 
= Ja (3~/~)1’2 [m’s_‘]; 
local concentration of gas in liquid 

[kgme31; 
initially uniform concentration ofgas in bulk 
liquid [kg m-7 ; 
local concentration of gas in liquid due to the 
process of electrolysis [kg m- ‘I; 
saturation concentration of gas in liquid 

[kgm-“1; 
uniform supersaturation concentration of 
gas in liquid [kg mm31 ; 
= (~~~/4~qeN) = (~~~/4~pq~) [m3 s-l]; 
diffusivity of gas in liquid Em’ s-‘1; 
elementary charge [Cl; 
Faraday constant [C kmol-'1 ; 

electrical current [A]; 
= AC/p,, Jakob number; 
C/p, equilibrium constant in Henry’s law 

Ekgm I; -3pa-1 

Avogadro’s number [kmol- ‘1; 
pressure [Pa] ; 
excess pressure [Pa] ; 
number of electrons involved in the for- 
mation of one molecule gas during 
electrolysis; 
bubble radius [m] ; 
dR/dt [ms-‘1; 
gas constant [J K- 1 kmol- ‘1; 
radial distance [m] ; 
= (a/c)R, dimensionless bubble radius; 
temperature [K] ; 
time [s] ; 
kilomolar volume [m3 kmol-‘1. 

Greek symbols 

a, = b/&‘2; 

B9 dimensionless bubble growth constant; 

PI? liquid density [kg mV3] ; 

P2r gas density [kg md3] ; 

fJ, surface tension [kg s- ‘1; 

7, = (a3/c2)t, dimensionless time. 

Numerical values 

C,(Oz, HzO) = 4.37 x lo-’ kgmw3 
(293 K, 101.3 kPa [lQ]); 

D(02, H,O) = 1.95 x lo-’ m2 s-l 
(293 K [ 19, 201). 

1. INTRODUCTION 

THE BEHAVIOUR of gas bubbles on electrodes is an 
im~rtant subject in bubble dynamics [l]. In general, 
each bubble is in~uenced by its neighbours in close 
proximity, which makes it a rather complicated pro- 
blem to deal with. A more simple problem, which has 
to be clarified first, is the behaviour of a single separate 
bubble during electrolysis. The aims of the present 
study are to obtain reliable experimental results on the 
growth of a single gas bubble during electrolysis in a 
solution of well-defined uniform concentration and to 
develop theoretical models to explain these results. 

An experimentai set-up has been chosen, in which 
the dimension of the electrode surface is small com- 
pared to the departure diameter of the bubble. Some 
experiments, with set-ups similar to the one described 
in this paper, have been carried out previously [2-63. 
Darby and Haque [2] applied high electrical current 
densities, but the liquid in their cell had an unknown 
gas concentration. Westwater et al. [3-51 pioneered in 
this field, with remarkable results. However, gas 
bubbles were also studied during electrolysis in a 
solution of unknown, non-uniform gas concentration 
[[3,4]. Also they did not succeed in developing a device 
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to obtain predictable nucleation [5]. On the other 
hand, the dissolving of stationary gas bubbles into 
pure degassed liquids has been investigated exten- 

sively, giving reproducible results [7]. Generally 
speaking, theexisting theory was confirmed [8&12]. As 
pointed out by Cable [ll], it appears to be much easier 
to obtain reasonable agreement between theory and 
experiment for dissolving bubbles than for growing 

ones. 

A similarity exists between gas bubble growth due to 

supersaturation and vapour bubble growth due to 

superheating [l]. Quite a few papers have been 
published on experiments concerning the growth of a 

vapour bubble in a uniformly superheated liquid 
[13-151. Experiments performed in the so-called 
diffusion-controlled region show good agreement with 

theory [16-181. However, these experiments on boil- 
ing have been carried out for Jakob numbers, which 

are at least of an order of magnitude larger than those 
involved in this paper. 

2. THEORY 

2.1. Pure gas bubbles 
During electrolysis gases may be produced at both 

electrodes. Initially, before bubbles are gene.ated, an 
electrolytically developed gas dissolves into the liquid 
adjacent to the electrode. However, most gases have 
low solubility in liquids and, in addition, diffusion 

coefficients are small. As a consequence the adjacent 
liquid will rapidly become supersaturated. If the local 
supersaturation exceeds the required value, nucleation 
takes place on cavities at the electrode surface and a 
gas bubble starts to grow. Due to a concentration 

gradient around the bubble wall, it will grow by mass 
diffusion. The mass balance for a growing bubble is 

given by 

(1) 

If C, denotes the concentration due to the process of 
electrolysis, and C, the initial concentration of gas in 

the bulk liquid, equation (1) is replaced by 

p,4nR2d = D 

dA. (2) 

The surface area of the miniature electrode is small 
compared to the cross-section of the bubble during 
most of its growth time. Therefore, it is assumed that 
all the gas produced at the electrode is transported 
directly to the bubble. In addition, it is assumed that 
the concentration gradient (X,/i%),,, of the gas 
initially present in the liquid is uniform around the 
bubble wall. Strictly speaking, this holds only for a free 
and non-translating bubble. If the current is kept 
constant, equation (2) can be rewritten as follows 

with the boundary condition R = 0 at r = 0. 

Surface tension forces as well as viscosity and inertia 
effects are neglected here. The following three cases are 

considered separately : 
(i) I # 0, and (c?C,/&),, H = 0, i.e. the liquid has been 

saturated with the same gas as the gas produced 

electrolytically at the miniature electrode. The so- 

lution of equation (3) is [l, 21 

(ii) I = 0, and (X,/&),,, # 0, which means an 

initially uniform supersaturation ofgas in the liquid. In 
the absence of electrolysis, a solution for the con- 

centration gradient at the bubble wall is given by 

A similar solution was derived by Fricke [8], and 
Epstein and Plesset [9]. However, in equation (5) the 
radial convection due to the bubble growth is in- 
corporated. Combination of equation (5) with equa- 

tion (3), with I = 0, and subsequent substitution of 
R = Bt”’ in the resulting differential equation, yields 

In the limits of the Jakob number, AC/p,, this 

expression resolves into the following well-known 

equations [16-181: 

Ja(Df)’ 2, for Ja >> 1. (7) 

R(t) = (2JaDt)“2 , for Ja cc 1. (8) 

Striven [18] calculated the diffusion-controlled bub- 
ble growth numerically and obtained the expression 

R = 2P(Dt)‘2, where B = p(Ja). Comparison of the 
analytical solution, equation (6), with the numerical 
calculations [18] shows that equation (6) is a good 
approximation, with a maximal deviation of 2.3% 

(Fig. 8). 
(iii) I # 0 and (%I’,/&),,, # 0, i.e. electrolysis in a 

uniformly supersaturated solution. In this case, equa- 
tion (3) can be replaced by 

d=JaD 

i.e. 

d=fl+$+$, (10) 

where a = JaD, b = Ja(3Dln)’ ’ and c = V,I/4nqeN 
are taken constant. Equation (10) becomes dimension- 
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less by ~ntr~ucing S = (a/c)&? and r = (a3/c2)t, which 
results in 

dS 1 1 
_-+-+Q 

Z - s2 S $:2' (11) 

where c( = &‘u”~ = [(3/7r)J~]‘~~. An analytical so- 
lution is not attainable here. In the two preceding cases 
solutions were obtained in the form of R - t’ 3, 
equation (4), and R - t lz2, equation (6), respectively. 
Consequently, S(r) is expanded into the following 
infinite series : 

After substitution of equation (12) into equation (ll), 
the values of n, are obtained 

a0 = lj3, a, = 6u/7, and (for n > 21, 

II-1 

+ x ~~k~,_k...r - ;Un-k 2U@l~ + (n - k + 2) 
&=1 

Under the conditions corresponding to the experi- 
ments described in Section 3, the series converges 
rapidly and the dimensionless radii of convergency 
turn out to be much larger than the dimensionless 
maximal time considered experimentally. If only the 
first five terms are used a maximal error of only 0.1% 
is made compared to the first 25 terms. 

If R cc (xDt/3)i’2, a solution in the form of a power 
expansion series can be avoided. Equation (10) sim- 
plifies to 

(14) 

and the solution is now given by 

Equation (15) is equivalent to the solution of equation 
(11) with a = 0. So, all solutions can be drawn in one 
dimensionless plot. 

2.2. The efict of water vupour in the gas bubble 
A growing gas bubble in water will contain water 

vapour. If it is assumed that thermodynamic equilib- 
rium exists continuously between gas and liquid phase 
during bubble growth, the relative humidity inside the 
bubble approximates to 1. This means, that the partial 
pressure of the gas in the bubble equals the ambient 
pressure in the system minus the saturation vapour 
pressure corresponding to the temperature. This re- 
sults in a faster bubble growth due to the simultaneous 
evaporation of the liquid. The theoretical equations of 
Section 2.1 have to be corrected for this phenomenon 

for comparison with experimental results at relatively 
low pressures or at relatively high temperatures. This 
can be donefor all equations, using the partial pressure 
of the gas instead of the total pressure of the system. 
Substitution of the partial pressure in, for example, the 
denominator of equation (4) leads to an expected 
increase in bubble growth rate. 

3. EXPERIMENTAL RESULTS 

All experiments are carried out on oxygen in 
distilled water. Oxygen has been chosen because it is 
one of the gases which evolve during water electrolysis 
and also because it is less dangerous than hydrogen if 
large quantities are used to saturate the liquid. 

3.1. ~xperim~~l#~l set-tip 

The experimental set-up has been drawn in Fig. 1. 
One of the major problems was to avoid natural 
convection. To avoid local heating of the liquid in the 
test-cell, illumination was permitted only during ex- 
posure. The infrared rays of the bulb were absorbed in 
a water bath with a thickness of 10 cm. The bubble was 
generated on a platform turned away from the window 
to minimize convection near the top of the miniature 
electrode. Experiments were also carried out using a 
needle-shaped electrode. However, these results were 
not reproducible due to convection. All outlets of the 
stainless steel pressure vessel were interconnected to 
prevent the occurrence of pressure differences. Bubble 
formation due to spontaneous nucleation never occur- 
red. Sometimes two or more bubbles appear on the 
electrode after switching on the electric current. The 
experiments were carried out on a normal bench in a 
remote area in the laboratory. 

To saturate the water, oxygen was pressurized 
through porous glass, while stirring the liquid mag- 
netically. A swarm of tiny bubbles produced a high 
surface/volume ratio. On the other hand, the radius of 
these bubbles exceeded the nucleation radius sub- 
stantially, hence a liquid supersaturation is avoided. 
Experiments introducing bubbles in the liquid, showed 
saturation was achieved after 4 h. A uniform super- 
saturation was established by applying a negative 
pressure step. The pressure in the vessel could be kept 
at a constant value between 4 and lOOkPa using a 

wmdow’ 
gloss 

FIG. 1. Experimental set-up. 
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pump, in combination with a manostat and a pressure 
gauge. 

Finally, the miniature electrode, a cut platinum wire, 

carefully sealed in soft glass and having a geometrical 
surface area of 0.79 x lo-* m2, was polished exten- 

sively to reduce both the number and the size of the 
cavities on the surface. However, the result was 

disappointing, because generation of more than one 

bubble even occurred at relatively low current den- 

sities. Instead of polishing, the electrode was treated 
with a non-wetting agent (liquid paraffin) before each 
experiment, resulting in the appearance of just one 

bubble. Another advantage was that the bubble depar- 
ture time increased, which resulted in a longer obser- 

vation time. 

Generation of a bubble was simply caused by 

applying a short electric current pulse. A calculation 
showed a negligible influence of the pulse on the 

concentration field of the gas in the liquid. 

Periodically, photographs were taken through a 
microscope and the elapsed time was recorded using a 
stopwatch. Larger bubbles showed deviations from the 

spherical shape. This has been corrected for by the use 
of an equivalent bubble radius, i.e. the radius of a 
sphere having the same volume as the bubble. All 
experiments have been carried out at a temperature 

close to 291 K, and at (sub)atmospheric pressure(s). 
The electric current, if used, has been kept constant by 
using a high voltage in combination with a relatively 
large resistor (10 MR), connected in series with the cell. 

3.2. Electrolysis in saturated liquid 
First the procedure for saturating the liquid took 

place. Then the electric current was switched on. If the 
bubble did not appear immediately it was generated by 
applying a current pulse. Currents were varied be- 
tween 2.00 and 5.00 PA. Higher values resulted in more 
bubbles on the electrode. Some results are shown in 

Figs. 2 and 3. Experiments are in good agreement with 
theory. 

Similar experiments have been carried out at dif- 
ferent pressures ranging from 2 to 8 kPa. These values 

slightly exceed the saturated water vapor pressure at 
the given temperature. The experimental results clear- 
ly show that the relative humidity inside the bubble 

approximates to 1 (Figs. 4 and 5). 

3.3. Gas bubble growth in unjformly supersaturated 
liquid without electrolysis 

The liquid has been saturated at atmospheric pres- 
sure pl. Next, the pressure in the cell was suddenly 
decreased by an amount Ap, to the value p2. A lower 
saturation concentration corresponds to this value 
according to Henry’s law, C = Kp. So, a super- 

saturation AC has been established : AC = K(p, - p2) 
= K. Ap. Accordingly, the Jakob number equals 
Ja = AC/p,. In the experiments carried out, this 
number has been varied between 10e2 and 1. The 
bubble was always generated on the electrode due to 
an electric current pulse. Results and a comparison 

FIG. 2. Dependence ofbubble radius on the one third power of 
time during electrolysis at a constant electric current on a 
miniature electrode. Different symbols denote different runs. 

(Oz/H,O, p = 101 kPa, T= 291 K). 

FIG. 3. The slopes of the R vs t”3 curves as a function of the 
one third power of the electric current. The symbols are 
average experimental values (O,/H,O, p = 101 kPa, 

T= 291 K). -- Theory according to equation (4). 

T=291 K 

FIG. 4. Dependence ofbubble radius on the one third power of 
time, during electrolysis at a miniature electrode, at a 
subatmospheric pressure (0,/H20, T= 291 K). Theory ac- 
cording to equation (4): ~ with relative humidity 1; --- 

with relative humidity 0. 
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-,--- Theory 
o Experiment 

Ftc. 5. Dependence of bubble radius on the one third power of 
time, during electrolysis at a miniature electrode, at a 
subatmospheric pressure. (OZ/H,O, T= 291 IQ. Theory ac- 
cording to equation (4): - with relative humidity 1; --- 

with relative humidity 0. 

FIG. 6. Bubble radius vs square root of time for bubble growth 
on a horizontal plate in an initially uniformly supersaturated 

liquid (O,/Ei,O, T= 291 K). 

-Theory 

0 Experiment 

006- 

Ja=O 79 

~~63 kF 

FIG. 7. Bubble radius vs square root oftime for bubble growth 
on a horizontal plate in an initially uniformly supersaturated 

liquid (O#i,O, T = 291 K). 
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FIG. 8. Experimental and theoretical dependences of the 
growth constant fi on the dimensionless Jakob number. 

with theory are shown in Figs. 6 and 7. In general, the 
bubble could be observed during a longer time period 
than indicated by those figures. However, departure 
times and departure radii are not given here because of 
insufficient reproducibility in this type of experiment. 
Preliminary experiments resulted in a large number of 
figures, in which the corresponding growth curves 
showed an increasing slope. This is attributed to the 
effect of convection, which decreases the average 
diffusion layer around the bubble causing an increase 
of the bubble growth rate. The absence of this effect in 
the final experiments proves the reliability of the 
results. 

Figure 8 shows the experimental vahtes of the 
growth constant @= ~/2(~~)“’ as a function of the 
Jakob number. The agreement with Striven’s theory 
[IIS] and with equation (6) is good. Most experimental 
values of fi, however, are below the theoretical ones. 
Apparently, the reason for this is the influence of the 
solid wall which is not incorporated in either theory. 
Of course, the wall diminishes the upward gas flux to 
the bubble. Buehl and Westwater [S] gave theoretical 
predictions for the growth rate of a spherical bubble 
tangent to a wall. Actually, the present experimental 
results show the predicted trend, cf. Fig. 2 of [5]. 

3.4. Electrolysis in a uniformly supersutured liquid 
These experiments are a combination of those 

described in Sections 3.2. and 3.3. After saturating the 
liquid and performing a negative pressure step, a 
constant electric current is switched on. The resulting 
Jakob number varied from 0.02 to 0.14, the pressures 
from 20 to 60 kPa. Experiment and theory are com- 
pared in Fig. 9. At low Jakob numbers, the analytical 
equation (15) agrees with the experimental data. 
However, at high Jakob numbers the relative error in 
the calculated radius increases drastically and the 
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series expansion, equations (12) and (13) has to be 
applied showing precise coverage of the data. 

4. CONCLLSIONS 3. 

Because of the relatively low Jakob number, the 
growth rate of a gas bubble is small and the diffusion 

layer thickness is large. Therefore, in studying a 
growing gas bubble, extreme caution should be taken 
to avoid unknown convective currents. If also a small 

electrode, pretreated with a non-wetting agent, is used 

to prevent nucleation of other bubbles, reproducible 

bubble growth rates can be obtained. 

4. 

5. 

6. 

7. 

In the experiments described above the relative 

humidity approximates to 1. So, the statement that 
thermodynamic equilibrium exists at the interface 

during gas bubble growth under the mentioned con- 

ditions, seems to be justified. 

8 
9 

10 
11 
12 

In uniformly supersaturated water, the Jakob num- 
bers were varied from lo-’ to 1. The experimental 

results could not be explained by the well-known 
diffusion equation for high Jakob numbers, equation 
(7), showing clearly the limitations of boundary layer 

theory by experiment. 

13 
14 
I5 

16. 
17. 

18. 
19. 
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CROISSANCE D’UNE BULLE DE GAZ PENDANT L’ELECTROLYSE 
DANS UN LIQUIDE SURSATURE 

R&un6 - On &die exp&imentalement et thtoriquement la croissance d’une bulle de gaz sphirique sur un 

plan horizontal. Des expkriences avec une Llectrode miniature ont itC conduites dans une solution sursaturte 

d’oxygkne dans I’eau avec et sans electrolyse. Toutes les exp&iences correspondent B une temp&ature de 
291 K et I des pressions infkrieures ou Cgales, B la pression atmosphtrique. Une expression analytique a dti 
obtenue, pour la croissance de bulle dans un liquide sursature (ou surchauffk), valable pour tous les nombres 
de Jakob. Pour le cas plus complexe d’une Clectrolyse simultanCe on a trouve un dtveloppement en sirie. Les 

rbultats exp&imentaux sont reproductibles et I’accord avec les modkles thdoriques est excellent. 

WACHSTUMSGESCHWINDIGKEIT EINER GASBLASE WjZHREND 
DER ELEKTROLYSE IN UBERSATTIGTER FLUSSIGKEIT 

Zusammenfassung - Das Wachstum einer runden Gasblase auf einer waagerechten Ebene wurde sowohl 
versuchsmlI3ig als such theoretisch untersucht. Versuche mit einer Kleinstelektrode wurden in einer 

gleichmiiI3ig iiberslttigten LGsung von Sauerstoff in Wasser durchgefiihrt, und zwar mit und ohne 
Elektrolysevorgang. Alle Versuche wurden bei einer Temperatur von 291 K und bei Normalluftdruck (und 
darunter liegenden Driicken) gemacht. Fiir das Blasenwachstum in einer gleichmlBig iibersiittigten (oder 
iiberhitzten) Fliissigkeit wurde ein analytischer Ausdruck gefunden, der fiir alle Jakob-Zahlen gilt. Fiir den 
recht schwierigen Fall der gleichzeitigen Elektrolyse wurde eine Potenzreihenentwicklung als geeignete 
Darstellungsform gefunden. Die Versuchsergebnisse waren in allen FHllen reproduzierbar, und die 

Ubereinstimmung mit den theoretischen Berechnungen war ausgezeichnet. 

CKOPOCTb POCTA l-A3OBOf.O llY3bIPbKA IlPM 3JIEKTPOJIM3E B 
IlEPEHACbIqEHHOI? XMAKOCTM 

AHHOTBUHR - 3KCnepHMeHTaJIbHO U TeOpeTWIeCKH IiCCJIeLIyeTCP pOCT C$epWIeCKOrO ra30BOrO ny- 

JblpbKa Ha rOpa30HTaJIbHOti nOBepXHOC-rH. OnbITbl C MAHWaTIOpHbIM 3JIeKTpOnOM npOBOLOUIaCb B 

paBHOMepH0 HaCbIIUeHHOM A nepeHaCbImeHHOM paCTBOpaX KaCJIOpOLla B BOLle IIpIi HaJIWIRH H O-rCy-r- 

CTBHII 3JIeKTpOJIs3a. OnbITbI npOBOLWI&fCb np” 291 K A aW,C+epHOM Ii IIOHWmeHHOM naBJIeHIIRX. 

AaHo aHanawgecKoe onacawie pocTa ny3bIpbKa B paBHOMepH0 nepeHaCbIIL,eHHOii (kimi neperpeToi2) 

~UKOCT~. cnpasennRaoe am Bcex 3Haqenuii 4wcna AKo6a. B 6onee cnomoM cnyrae. c yV&OM 

3neKTponesa B mK4KOc~a. yno6see nonb3oBaTbca cTeneHHbIM pa3nomeHseM. Bo acex cnyqanx 
nOJIy’IeHb1 XOpOILIISc BOCnpOA3BOLOiMOCTb OnbITOB H RX COrJIaCOBaHHe C TcOprteii. 


